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1. Overview

In this lecture, we will study the basics of contract theory, which is the study of how agents can
write contracts to mitigate the effects of asymmetric information and other frictions in eco-
nomic interactions. We will start by studying the simplest possible contract, a wage contract,
and then move on to more complex contracts, which can be used to mitigate issues when ac-
tions taken are not contractible (moral hazard). Finally, we will examine how career concerns

may on their own provide incentives to induce workers to exert effort in a dynamic setting.

2. Incentive Contracts

The simplest environment in contract theory is as follows. Suppose that a manager hires a
worker to perform a task, and that the worker’s effort level affects the outcome of the task.
The manager can offer the worker a contract, which specifies a wage w, in order to induce a

given level of effort.

2.1. Setup

Suppose that the worker’s effort level a affects the outcome of the task, y, according to y = a+e,
where € is a normally distributed random shock, with mean zero and variance o2. The manager

offers a wage contract w to the worker.

Exerting effort is costly for the worker, with effort level a entailing a monetary-equivalent
cost of g(a), where g is a 62 function satisfying g(0) = g'(0) = 0 and g’,g"” > 0 for @ > 0. The
worker has CARA preferences, and thus their expected utility is given by E[Uw(w — g(a))],
where Uy (x) = — exp(—pwx), with pw = 0.

The worker can accept or reject the offer, and if they accept, they then choose how much effort
a to exert. If they reject, they obtain utility U(0). We’ll have the worker accept the offer if and
only if E[U(w — g(a))] = U(0).
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The manager then makes a profit of 7 = y —w, which depends on the effort level a, and the
random shock €. The manager has also CARA preferences, and thus their expected utility is

given by E[Ups ()], where Ups(x) = —exp(—pprx), with ppr = 0.

2.2. Observable Effort

If the manager can observe and contract on the worker’s effort level, then they can offer a
contract that specifies a wage w(a,y) for each level of effort @ and output. The manager’s
problem is then given by

max E[Upy(y(a®)—w(a®, y)]

w(-,"),a*

st. a*¢€ argmag([E[UW(w(a,y) —g@))] and E[Uww(a",y)—gla™)]1=U(0).

It is straightforward to show that, at an optimum level of effort, the optimal contract has to
satisfy w(a™,y) = g(a™) for any y, as this is the cheapest contract that induces the worker to

exert the desired level of effort. Then, the desired level of effort is given by
a” = argmaxE[Uy(y(@) - g@)] = (g) (D).
a=
For a # a*, the manager then sets arbitrarily low wage w(a).!

This leads to an efficient outcome, as the worker is incentivised to exert effort in a way that

maximises the surplus.

2.3. Unobservable Effort

Now suppose that the manager cannot contract on the worker’s effort level, either because
the latter is unobservable, because of legal constraints, or due to some other reason. Then, the

manager can only offer a contract that specifies a wage w(y) for each level of output y.
The manager’s problem is then given by
max E[Upy(y(a™)—w(y))]
w(-),a*
st. a*¢€ arglzlgg([E[UW(w(y(a)) —-g(@)] and E[Uww(y(a™))-ga*)1=U(0).
For simplicity, we’ll restrict the analysis to linear contracts, w(y) = ¢ + by, and assume that
g(a) = a?/(26).

Note that, given accepting a contract w(y), the worker’s problem, by sequential rationality,

chooses the level of effort that maximises their expected utility, which is given by

argmagc[E[UW(w(y) —g(a))] = argmag< ba —a?/(20) = bé.
a= a=

1We are breaking ties in favor of the worker accepting the offer as in a proper game-theoretic treatment, in an
SPNE, the worker would accept the offer if and only if E[U (w(a, y)—g(a))] = U(0) — note this problem represents,
for all purposes, a take-it-or-leave-it offer situation, as in a simpler ultimatum game.



The above condition is often called incentive compatibility. Further, also by sequential rational-
ity, they will only accept the contract if E[lUw (w(y)—g(a*))]1 = U(0) < c+b2%0/2—pwb?0?/2 =
0, which implies that ¢ = b%(pwo? — 0)/2. This is often called participation constraint.

So the manager’s problem is then given by

argmax E[Up(y(b0)—c—by(bO)] st. c=b2pwo?—-06)2
c,

=argmax E[Up((1-b)y(b0) - b2(pwo? - 0)/2)]

= argmax(1-b)b0 - b2(pwo? —0)2 - py(1-b)%c?/2,

with first-order condition (1 —26)0 — b(pwo? —0) + py(1 - b)o? = 0, which implies that the
optimal contract (b*,c”*) satisfies
. O+p uo?

~ 0+(pw +pmo?’
¢* =b*%(pwo? - 0)/2

and the exerted level of effort is given by a* = b*6. Comparing this with the socially efficient
level of effort, (g’ )_1(1) = 0, we see that the optimal contract induces the worker to exert less
effort than the efficient level of effort, as the manager cannot contract on the worker’s effort

level.

The worker appropriates a share b* of the output, which is increasing in the worker’s marginal
productivity, 8 and in the manager’s risk aversion, and decreasing in the worker’s risk aver-
sion, pw, and exogenous risk volatility o2. This is because the more risk averse an agent is,

the more they prefer to insulate their income from the exogenous risk.

2.4. Multiple Tasks

Now suppose that the worker is hired to perform multiple tasks. In particular, output is now
n-dimentional, y € R", and given by y = ka + ¢, where effort @ = 0 is m-dimensional, % is a
n x m matrix of productivity coeflicients, and € is a normally distributed random shock, with
mean zero and variance-covariance matrix 2. Output is then valued as p’y, where p is an

n-dimensional vector of market values.

Effort cost is now given by g(a) = a'Qa/2, where @ is a m x m, symmetric and positive-definite

matrix.

The manager can offer a contract that specifies a wage w(y) for each level of output y; in order
to make things simple, we’ll again restrict to linear wage structures, w(y) = ¢ + by, where b

is an n-dimensional vector.

Given a contract, sequential rationality, implies a* = argmax, > E[Uw(w(y)—g(a))] = Q'k'b.



Again, by sequential rationality
ElUw (w(y) - gla*)1=U(0)
—c+bkQ7E'b-b'EQIQQTIR'/2— (pw/2)b'Zb = ¢ + b'EQ T k'b/2 — (pw/2)b'Zb = 0,

which implies that, at an optimal linear contract, ¢ = b'(owX —kQ ~'%")b/2.
Finally, the optimal linear contract solves

argml?x[E[UM(p'y(a(b)) —c(b)-b'y(a(b)))]

= argmglx(p' —bEQIE'b - b'(owZ - kQENB/2 - pay(p’ - b)Z(p - b)/2
with first-order condition

(p' -bEQ b —b'(owZ —kQENb/2 - py(p’' = b)Z(p —b)2=0
=b =p' Q7 + puZ)EQ R + oy + pw)E) L.

Exercise 1. Suppose that effort is unidimensional, m = 1, and that the manager is risk-neutral.

For simplicity, let output be valued at 1, i.e. p is a vector of ones, and k be a constant vector.

(a) Assume X is a diagonal matrix. Solve for the optimal linear contract. Interpret.

(b) Assume, fori=1,....n,y;i =a+e€; ande;11 =€;+¢&;41, where&;qq iid JV(0,0'?). Solve for the

optimal linear contract. Interpret.

Exercise 2. Now let us extend to many workers. Suppose that there are n workers, indexed by
i =1,...,n, and that each worker i is hired to perform a task, with effort level a; € R, affecting
the outcome of the task, y;, according to y; = a; + ¢ +¢€;, where €; is a worker-idiosyncratic, nor-
mally distributed random shock, with mean zero and variance o2, and & isa normally distributed
random shock, common to all workers, with mean zero and variance 0'?. Profit is still given by
p'y. Differently from before, the manager can offer a contract to each agent that specifies a wage
wi(y) = c; +bly for each level of output y. Note that this means that the manager can offer differ-
ent contracts to different workers, and that the contract to one worker may depend on the output
of other workers. Consider the case where g;(a;) = a?/(ZBi), where 6; > 0 is worker i’s ability,
and p; > 0 is their absolute risk-aversion coefficient. Assume throughout that the manager is

risk-neutral.

(a) Suppose that the manager can observe the effort level of each worker. Solve for the optimal

linear contracts. Interpret.

(b) Suppose that the manager cannot observe the effort level of each worker. Solve for the optimal

linear contracts. Interpret.

(c) Is it always the case that the manager will want to hire all workers? Why?



3. Career Concerns

It is often the case that managers have uncertain ability, for instance when starting out their
career, with no track record or with limited experience. In this context, the market and the
manager learn about the managers’ ability through realisations of output, given the effort
exerted. However, the managers’ effort is not only costly, it is also often unobservable to
firms. Despite this suggesting that managers would never put in any effort, in a dynamic
setting like managing one’s own career, career concerns may create incentives for managers
to exert effort so as to signal high ability. This raises several questions. Can the manager be
incentivised to exert effort? What are the dynamics of wages and effort levels? Is it possible
for the market to learn a manager’s ability through observing output alone? This lecture will
explore these questions in a simple dynamic model of career concerns, based on the seminal

paper by Holmstrom (1999).

3.1. Setup

Suppose that, in every period ¢ = 0,1, ..., a manager is hired in a competitive market to work
for firm F'. The firm hires the manager each period, and pays them a wage w; at the beginning
of each period. The manager’s output or productivity in period ¢, y;, depends additively (i) on
the manager’s effort that period, a; = 0, (ii) the manager’s ability, n € R, a persistent type, and

(iii) random shocks to the macroeconomic environment, €; ~ A (0, 0?). That is, y; = a;+n+e€;.

Flow Payoffs: In every period ¢, the firm earns a profit of n; = y; — w;, which depends on
the effort level a;, the unknown ability 7, and the random shock ¢;. Again we assume that
exerting effort is costly for the manager, with effort level a; entailing a monetary-equivalent
cost of g(a;), where g is a €2 function satisfying g(0) = g’(0) =0 and g’,g"” > 0 for a > 0. The

monetary equivalent of the manager’s flow payoff in period ¢ is then u; = w; — g(a,).

Information: All parties, firm and manager, observe y; at the end of the period. Ability on
the other hand is a persistent attribute of the work that is unknown to both the manager and
the firm. Specifically, both players share a common prior that ability is drawn from a normal
distribution with mean m and variance o3. Finally, the effort levels chosen by the manager

are never observed by the firm.

The firm’s information sets are then given by I'r ; := I'p ;1 U{w¢—1,y:-1} for ¢ = 1, where Ir o =
@. In contrast, the manager’s information sets are given by Iw ; := I'w ;—1 U{w;, y:—1,a:-1} for

t =21, where I'w o = {wo}.

Strategies: A pure strategy of the firm consists of a wage offer w; in each period ¢, which
may depend on the firm’s information set. A pure strategy of the manager is then a level of

effort exerted in each period, a;, which may depend on the manager’s information set.



Game Payoffs: Both players discount monetary payments at a common discount factor § €
(0,1). The firm is risk-neutral, and their continuation payoffin period ¢ is IT; := E[332 ;6 RS PN
Ir ], which depends on both the firm’s and the manager’s strategies. The manager, instead,
has CARA preferences over the (normalised) present value of their income stream, with an
Arrow-Pratt absolute risk-aversion parameter p > 0. The manager’s continuation payoff in
period ¢ is then Uy := E[—exp (- X2,(1 - 6)6"  usis) | Iw t+5], which naturally also depends

on both the firm’s and the manager’s strategies.

3.2. Equilibrium

We are going to focus on pure-strategy subgame perfect Nash equilibria (SPNE) of this game.

For that, we will make three assumptions:

1. Deterministic Effort: The manager’s effort level a; is deterministic, and does not depend

on the history of output realisations or of wage offers.

2. Perfect Competition: The labor market is perfectly competitive, so that the firm makes
zero profits in expectation, given the manager’s level of effort anticipated by the firm, d;. That
is, firm’s wage offer in each period is equal to the expected output in that period, w; = E[y; |

IF,t,at = dt] = T]+dt.

3. Correct Anticipation: The firm correctly anticipates the manager’s effort level in each

period, a; = d;.

3.3. Bayesian Learning

Let x; := y; —d; = a; —d; + 1 +€; be the signal for ability, given the anticipated level of effort.
Under the assumption of correct anticipation, the signal for ability is then x; =E[n | IF ] +¢€;.
Denoting by 7. = 0, 2 the precision of the noise, the signal for ability is then x; | n ~ A (1, 7¢)
(where we reparametrise the normal distribution using precision instead of variance). If the
firm’s prior over ability in period ¢t —1is n | Ip;—1 ~ A (ms-1,7¢-1), Where m;_1 and 7,1
are the mean and precision of the prior, respectively, then the posterior is 7; = 7,-1 + 7, and

T 1My 1+TeXp—1 _ ToMo+iTeXs—1 1= _vit-1
m; = - € = = S with 1 =302 s/t

3.4. Solving for an Equilibrium

Under the assumption of perfect competition, the firm’s wage offer in each period is equal to
the expected output in that period, w; = Ely; | Ir+,a; = d:] = ms +d;. We rely on the one-
shot deviation principle to solve for an SPNE. That is, we want to prevent profitable one-shot

deviations by the manager.

Suppose that at period ¢ the manager chooses a; # d;, but a;s = ds+s, Vs = 1. Then, x445 =



1+ €45, but x; = ay — a4y + 1+ €;. Therefore, ZZ;%xHh =a;—d;+n+e+ Zz;ll x:+p. The effect
of the deviation at ¢ on the posterior mean of ability at ¢ + A is then given by

Timy+Te (ZZ_:%) Xt+h)

Mmyys = -
t+s

5 -1
Te N TiMt +Te (_at tnte+ Z}izl xt+h)

t
Ty +8Te Tt+s

Hence, its impact on wage at ¢ + A is given by

Wirs = Qs T Miys

. -1
Te . Ttmt"‘Te(_at+77+€t+2}gl:1xt+h)
taest
Ty +8Te Tt+s

Ttmy+ Te (—dt +m; +Z§L_:11 xt+h)

+q4s+
t TS8Te Tt+s

Denoting expectation and variance taken with respect to the manager’s information at time ¢

= Elws | Iwil=ay

by E and V)V, respectively, the continuation payoff of the manager at ¢ is then given by

—exp(—p ((1—6) Y 6% (Wi —g(am»))l

s=0

Ula,)=EY

0 1-6 00
-exp[-p01-0 £ 0 (B w1 0] 2520 | £ 0w -stae |
s=0 -0

s 1-6
—exp(—p(l—é)(z5S(E¥V[wt+s—g(at+s)]) pa=0)y, (5t25s(wt+s g(at+s)))))]

s=0 2 s=0
Then, the manager’s most profitable deviation at ¢ is given by

p(1-96)
2

argn}laxUt(at) = argmax ) 6° (Efv[wm - g(at+s)]) - vy (5t Y 8% (wies — g(at+s)))
¢ ¢ s=0 s=0

Note that (i) the variance and covariance of future wages are independent of a;, (ii) the level of
effort is deterministic, and (iii) the effort level at ¢ has no impact on the wage offer at ¢, which

implies that the manager’s most profitable deviation is given by,

p(1-90)

argmaxU;(a;) = argmax Z 63E§V[wt+s]) —glay) - VtW(wt —g(ay)
a; ag

s=1
o0 s W R TiMms+Te (—dt+mt+zz;11xt+h)
= argmax 25 E} |a; +Gps+ —g(ay)
at s=1 T+ STe Ttts
= argmax Z 6°a; —glay)
a; Tt +sr€

which results in the following first-order condition,

(6} N s
= )
(g ) (g Ty +STe )
By assumption, g” > 0, which implies that (g')"! is strictly increasing and a%C. By the as-

sumption of correct anticipation, d; = a; = a®C, which implies that the wage offer in each



C]:

period is given by wtCC =Ely; | Ip s 0t = atC my +afc. Hence, the unique SPNE satisfying

the aforementioned assumptions is given by (afc, wtCC) 120"

3.5. Comparative Statics

Note that afc is (i) decreasing in time ¢, since 7; is increasing in ¢; (ii) increasing in the discount
factor 9, and (iii) decreasing in relative volatility of the random shock, 0'?/0'%. This makes
a lot of sense. First, the model predicts more effort when the manager is young and less
experienced, and less effort when the manager is older (compare assistant profs and tenured
faculty). Second, the more patient the manager is, the more they care about the future, and
the more effort they will exert, as the effort they exert today will only affect future earnings.
Third, the less volatile the environment, the more informative output is about the manager’s

ability, the more effort the manager will exert to signal high ability.
Note that the efficient level of effort solves
a; = argnbaxEF’[yt] ~gla) =g ).
t

If the manager is patient enough and the relative volatility of the random shock is sufficiently
small, then career concerns lead the manager to exert more effort than optimal early on. But

sufficiently later on in their career, the manager will always exert less effort than optimal.

Exercise 3. Suppose that the manager is offered an incentive contract where the wage offer in
each period is given by w(y;) = ¢t + byy;. In addition to the above, assume that g"" > 0 fora = 0.
Restrict focus to equilibria satisfying the following conditions: (i) the effort level and wage are
deterministic functions of time, (ii) that in every period the firm makes zero profits in expectation,
ie. Efv[yt —w;] =0, (iii) that the effort level is correctly anticipated in equilibrium, and (iv) that
the wage in each period t is chosen to maximise the manager’s flow payoff at t. Characterise the
(pure strategy) SPNE levels of effort and wage offers. What are the dynamics of equilibrium effort
levels and wage offers? How do they compare to the ones obtained above? How do they compare

to the efficient levels of effort and wage offers?

4. Study and Further Reading

4.1. Further Reading

o The originals: Holmstrom (1979), Grossman and Hart (1983), Holmstrom and Milgrom (1991),
Holmstréom (1999), Holmstrom and i Costa (1986).

o Extensions to more general environments: Dewatripont et al. (1999a); Dewatripont et al.
(1999b).

o A closer look at the interaction between experimentation and career concerns: Bonatti and



Horner (2017), Halac and Kremer (2020).

» Evidence from the field: Gibbons and Murphy (1992), Chevalier and Ellison (1999); and from
the lab: Fehr et al. (2007), Koch et al. (2009).
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